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ABSTRACT. This article is a study of congruence conditions, modulo
powers of two, on class number of real quadratic number fields Q(l/d-), for
which d has at most three distinct prime divisors. Techniques used are
those associated with Gaussian composition of binary quadratic forms.

1. Let h(d) denote the class number of the quadratic field Q(v/d) and let
b'(d) denote the number of classes of primitive binary quadratic forms of discrim-
inant d [if d<0 we count only positive formsl. It is well known [4] that Kd) =
b'(d), unless d> 0 and the fundamental unit ¢ of Q(y/@) has norm 1, in which
case h(d) = %hb'(d). Recently many authors have studied conditions on d under
which a given power of two divides h(d) (see [3, Referencesl). Most of these
articles deal with imaginary fields; in this article, we shall treat real fields for
which d has at most three distinct prime divisors. Our method used to study this
problem is the method of composition of forms, used in [1], [3]; we have included
several known cases for the sake of completeness.

2. Preliminaries. A binary quadratic form is called ambiguous if its square,
under Gaussian composition, is in the principal class, i.e. the class representing
1 (see [1] for explanations of any unfamiliar terminology). A class of forms is
called ambiguous if it contains an ambiguous form. A form [a, b, c] = ax? + bxy +
cy? is called ancipital if b=0 or b= a. It was known to Gauss that the number
of ambiguous classes of discriminant d equals the number of genera of discrim-
inant d (see [7]), and that each ambiguous class of positive nonsquare discrim-
inant contains exactly two ancipital forms with positive first coefficient (see [7]).

The primitive forms of discriminant 4 form an abelian group G of order
b'(d), the operation being composition and the identity being the principal class
I. The principal genus G tisa subgroup of G consisting of all the classes which
are squates under composition; the index of G *inG equals the number of genera.
If d is the discriminant of a quadratic field, then d is fundamental, i.e. no
square s2> 1 exists for which @/s% = 0 or 1 (mod 4). Hence the number of genera
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of a fundamental discriminant d is equal to 2 y+6= l, where y is the number of
distinct odd primes dividing 4 and 6 =0 or 1 according as d =1 (mod 4) or

d =8, 12 (mod 16). (For proofs of any of the above statements, see [5].) Through-
out this paper p, ¢ and p; denote odd primes and d is a fundamental discriminant;
(plq) is the Legendre symbol, and we write (p|g), =1 or — 1 according as p is

or is not a biquadratic residue of ¢. If { and g are forms we write f~ g or 7 g
according as f is or is not equivalent to g.

3. Discriminants with one prime divisor. If d is a positive discriminant with
exactly one prime divisor, then there is only one genus; this genus contains the
one ambiguous class, namely I, and several pairs of improperly equivalent non-
ambiguous classes. Thus, b'(d) is odd; it is impossible that b(d) = Y b'(d), so
that b(d) = b'(d), the norm Ne of the fundamental unit is — 1, and b(d) is odd.

4. The case d=4p or d=8p. If d = 4p is fundamental, then p = 3 (mod 4);
there are two genera, hence two ambiguous classes. Since Ne =+ 1, the ambiguous
classes are I and - I, and - I contains the form f_, = [p, 0, - 1]; since (/_, |p) =
-1, - 1£G*. Hence each genus contains an ambiguous class and several pairs
of improperly equivalent nonambiguous classes. Since each genus always contains
the same number of classes, we deduce that b'(4p) = 2(mod 4) and hence h(4p)
is odd. Similarly, if d =8p and p = 3(mod 4), there are two genera; the ambiguous
classes are I and - I, distributed one to each genus. Hence 5'(8p) = 2 (mod 4)
and h(8p) is odd.

Let d=8p with p =1 (mod 4). The four ancipital forms with positive first
coefficient are f; =[1,0,-2p), f_,=[2p,0,-1),f/,=02,0,-pl and /_, =
[p, 0, - 2], and the generic invariants are (m|p) and (2|m).If p =5 (mod 8), then
(f,10) = (/_,|p) = - 1, so that {, ¢ G* and the ambiguous classes are distributed
one to each genus. As above, we deduce that 5'(8p) = 2 (mod 4); however, f,¢ Gt
imply that f; ~ f_,, so that Ne=— 1. Hence h(8p)=5b "(8p) = 2 (mod 4).

Let d=8p, p =1 (mod 8). Then both ambiguous classes lie in the principal
genus. Denote by N the nonprincipal ambiguous class: since N € G*, N=D? for
some class D, and thus D has order 4 in G. If we let H = {D, N = D, D3, I=D*},
then b'(8p) =ord G = ord (G/H) - ord H = 0 (mod 4). Now p =1 (mod 8) so there
exist positive integers 4@, b, e and [ such that p=a®+2b? =22 - %, Let g_,=
[a, 4b, - 24] and let g, = [e, 4f, 2€l; then g2 ,™V/[_, and g% ~ f, Itis clear
that g_, has order 4 whenever f_, €N and g, has order 4 whenever fz €N.

Hence g_, €D or D3 if / €N, and gzeD or D3 if fEN. I D eG", then
b'(8p) = 0 (mod 8), since b (8p) ord (G/G*) + ord (G*/H) - ord H =2 - ord (G*H) .
4=0(mod 8). If DEG", let B be a class for which B2 € H. Now B2 # D or D3,
since D and D3 are not squares. If B2 =N, then B2D2 = N2 =1, so that BD = |
or N, i.e., B=D3 or D. If B2=1, then B= N or I. Hence the index of H in G
is odd i.e. b'(8p) = ord (G/H) - ord H = 4 (mod 8).
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Now g_,€G" if and only if @ =1 (mod 8) and g, €G* if and only if
e= 11 (mod 8). In addition, te =1 or 3 (mod 8) according as p =1 or 9 (mod 16).
Case (a): p =9 (mod 16). By Pall [7], /, ~ f_, if and only if b =0 (mod 4)
and f, ~f_, if and only if b =2 (mod 4). Hence, f, €N and g, € D; but
t e = 3 (mod 8), so that D ¢ G*. Thus, if b =0 (mod 4), then Ne=- 1 and h(8p) =
b'(8p) = 4 (mod 8); if b= 2 (mod 4), then Ne=+ 1 and h(8p) = %h'(8p) = 2 (mod 4).
Case (b): p =1 (mod 16). Now t a=1 or 3 (mod 8) according as =0 or
2 (mod 4). By Pall [7], if b =2 (mod 4), then f; ~ f,; in that case, [_, €N,
g_,€D and t a=3 (mod 8), so that D£G* and b'(8p) = 4 (mod 8). Since
fi%f_qy H8p) =2 (mod 4). If b =0 (mod 4), any of {_;, f, and f_, may be in I
since ta=1and te=1(mod8), D€ G' and b'(8p) =0 (mod 8). Hence AK8p) =
0 (mod 4) unless f; ~ f_,, in which case h(8p) = 0 (mod 8).
Thus we have proved the following theorem.

Theorem 1. Let p be an odd prime.

(a) If p =3 (mod 4), then b'(4p) = b'(8p) = 2 (mod 4) and h(4p) = h(8p) =
1 (mod 2).

(b) If p =5 (mod 8), then h(8p) = b'(8p) = 2 (mod 4).

(c) If p=1(mod 8), write p= a® + 2b? with a and b positive integers. If
p=1(mod 16) and b =0 (mod 4), then h'(8p) = 0 (mod 8); otherwise, b'(8p) =
4 (mod 8).

(@) If p =9 (mod 16), then h(8p) = 4 (mod 8) or h(8p) = 2 (mod 4) according
as b=0 or 2 (mod 4).

(e) If p=1 (mod 16), then b(8p) =2 (mod 4) if b =2 (mod 4); however, if
b =0 (mod 4), then bh(8p) =0 (mod 4 or 8) according as x? — 2py? = — 1 does not
or does bave a solution in integers.

Remark. If /_, is a fourth power, then g_, €6t ie. (a|p)=(]a)=1.
Since f_, ™~ g?_ 2» We may write a? = pxz - 2y? where x is odd, y =2%y’, a>1
and y’ is odd. Hence we have that

2la) = (a|p) = - 1] )2 | D) 210" | ) = | D),

since p=1(mod 8) and (p|y)= 1. Thus /_, is a fourth power if and only if
(2|9), (=(2]a)) = 1. It is then straightforward to verify that

@lp), = (-1) 0-1/8+5/2

which is one form of a result due to Dirichlet [7].
5. The case d = pq, p = g (mod 4). We shall prove the following:

Theorem 2. Let p = q (mod 4) be distinct odd primes. The congruence condi-
tions on b(pq) and b'(pq) modulo powers of 2 are given by the following table.
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pandq b (pg)(mod m)  hl(pg)(mod m)
p = q = 3(mod 4) 2(mod 4) 1(mod 2)
p =g = 1mod 4): 2(mod 4) 2(mod 4)
(blg) = -1
(blg) = 1:
@lp,=Glp),=-1  4(mod 8) 4(mod 8)
(bl9) (q1p), = -1 4(mod 8) 2(mod 4)
(@lg), = qlp) =1 0(mod 8) 0(mod 8) if Ne=-1;

0(mod 4) if Ne=1.

Proof. It is known [6] that »'(pq) and b'(4pq) are exactly divisible by the
same power of 2 if p = q (mod 4); the forms of discriminant 4pq are easier to
treat, so we will use them to get results on discriminant pq. There are two genera,
hence two ambiguous classes, and the four ancipital forms with positive first coef-
ficients are f) = [1,0, - pql, /_; = [pg,0,- 11, /, =[p, 0, - gl and f_,=[q,0,-p].

If p=g=3(mod 4), then f_q ¢G*t,and if p=g=1(mod 4) and (p|q)——1
then f, ~f_, and / ¢Gt Hence the ambiguous classes are distributed one to a
genus and we have b (pg) = 2 (mod 4). If p =g =3 (mod 4), then f_1% [}, so that
b(pq) is odd; if p=g=1(mod 4) and (p|q) = - 1, then b(pg) = b (pq) = 2 (mod 4).

If p=g=1(mod4) and (p|q) = 1, then both ambiguous classes are in the
principal genus, so that b '(p9) = 0 (mod 4). Now / € G*, so there is a form 8,
thh leading coefficient r prime to 2pq such that / ~ gp whence f represents

Hence fy is a fourth power exactly when (r|p) (r]q)=1. Wmmg 2 = px?
- qy°, we seethat x isodd, y =2%y’, >0, y' is odd and a =1 if and only if
p =5 (mod 8); furthermore, (p|y") =1 and (- 1|p), = (2| p) whenever p = 1(mod 4).
Hence (r|p) = (¢]p) (2 |9)etiy’| p) = (g] p), and hence f, is a fourth power if
and only if (q]|p)4 = 1. Similarly, /_, is a fourth power if and only if (p|q) = 1.
Since b'(pg) = 0 (mod 4), f 1 is a fourth power, which implies that Ne=-1 if
(019 = (gp) = - 1.

If (|9)(q|p)4=-1, then exactly one of fp and {_, is a fourth power,
that one is in I, and hence f_, ¢I. Thus, f; ~ f, if (g1p)g=1=-(p|q), and
fi~ 1, if (619)4=1=-(q|p), (for an alternate proof of this, see [2]).

Furthermore, if (#|g), =~ 1or (¢]p) =~ 1, then h'(pq) = 4 (mod 8). To see
this, let D be a class such that D2 = N, the nonprincipal ambiguous class. If
(plq)4 =-1or (g ﬂ)4 =-—1, then D ¢Gt by the above, so that neither D nor D3
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is a square. As in the proof of Theorem 1, it is straightforward to verify that
H=1{l, D, D?, D3} has odd index in G, i.e. b'(pq) = 4 (mod 8).

Finally, if (p|q),=(g|p)4=1, then HCG", so that h'(pg) =ord G =
0rd(G/G*) - ord (G*/H) - ord H = 2 - 0rd (G*/H) - 4 =0 (mod 8). Hence h(pq) =
0 (mod 8) if Ne=-1and h(pq) =0 (mod 4) if Ne= 1. We are done.

Remark. There still remains open the difficult case (p|4g), = (¢]|p), = 1. One
possible approach is the following: since 5'(pg) = 0 (mod 8), D € G*, so that D
represents an odd square r2 prime to pg, where r is represented by B and B?-D,
Then it is easily shown that »'(pq) = 0 (mod 16) if and only if B € G*, i.e. (r|p)=
(] g) = 1. Now we have 2 = kx? + 2mxy + ny?, where [k, 2m, n] € D; pethaps
examining this equation modulo p would yield results. A similar remark applies to
the case p =1 (mod 16) and b =0 (mod 4) for discriminants d = 8.

6. The case d = 4pq, p £9 (mod 4). Let p =1 =- g (mod 4). There are four
ambiguous classes: Since d =12 (mod 16), the generic characters are (m|p),
(m|q) and (- 1|m). Since [_, = [pg, 0, - 1] satisfies (-1 If)=-1,1_, ¢£G*,
so that Ne=+ 1 and h(4pq) = % h'(4pq). The other ancipital forms are /l, f, and

p of §5, and f,=12,2, %0 - p), [_, = Bhpg - 1), -2, - 2], [, =
[217, 2p, %i(b - @) and [, = (24, 24, % (g - p)]. We construct a table of generic
characters (from the Gauss product relation, we know that (- 1|m) = (m| p)m|q)):

(m|p) (mlq)
/, 1 1
oy 1 -1
f (ol9) (lq)
fop (lg) -lg)
2 (2lp) (2lg)
-2 (21p) ~2lq)
f2 (21p) lg) (2l9) (olg)
f2q (21p) (ol 9) -(219) ¢l9

From this table, it is evident that if (p|q) =1, then f,, f_,, fp and I-»
all in different genera; in addition, if p =5 (mod 8), then f1o /o1 [, and [_, are
all in different genera. In those cases, each of the four genera contains an odd
number of classes: hence b'(4pq) = 4 (mod 8) and h(4pq) = 2 (mod 4).

Let p=1(mod 8) and (p|g) = 1. Then /1 and /, €G*; in addmon,f and
fzqeG if =3 (mod 8), and f, and /2 eGtifq= 7(mod 8). Thus G* has
even order and hence 5'(4pq) = ord G - 0rd (G/G*) = 0 (mod 8). If [, istobe a
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fourth power, then there exists a form g, such that /P "'gg and 8y € G*: this can
happen if and only if (r]p) = (r]|g) = (- 1|7) = 1, where r is primitively represented
by &p- If r is such a number, we may write 2 = px? - qy?, where y = 2%  and y'
is odd: then (r|p) = (- 1]p) (q]p),(2 |06 | p) = (9]#)4- [Note: We cannot do
this mod ¢ since (m|q), = (m | q); also, the condition (- 1}7) = 1 is of no use.]
Hence, if /, is a fourth power, then (g]p), = 1; thus, if p=1 (mod 8), (p|q) =1
and (g]p), =-1, then f; £ f,» since [y is always a fourth power; by the group-
theoretic arguments previously used, we deduce that »'(4pg) = 8 (mod 16).

Let ¢ =3 (mod 8) and write pg = [2 + 2¢2. The form g_, = [e, 2/, - 2¢]
satisfies 832 ~ [_,. Hence f_, is a fourth power if and only if (e|p) = (-1]e)=1
(note that (p| ¢) = (e| p) (- 1]e)). Since [- e, 2f, - 2(- &)1~ f_,, we may assume
that e =1 (mod 4). Thus, [_, is a fourth power if and only if pg = /% + 2e?, where
e =1 (mod 4) and (e|p) = 1. Similarly, if 4 =7 (mod 8), it can be shown that f,
is a fourth power if and only if pq = f2 - 2e2 where e =1 (mod 4) and (e|p) = 1.
Thus, by the group-theoretic arguments previously used, we deduce that if ¢ =
3(7) (mod 8) and f; % f_,(f,), then h'(4pq) =0 or 8 (mod 16) according as pg =
f2+2e? (pg =[? - 2e?) with (e|p) =1 = e (mod 4) or not. Finally, we observe
that f, ~ fp or f; ™ f4,, but not both. We thus have the following theorem.

Theorem 3. (a) Let p =1 =— g (mod 4) be primes; then h(4pq) = % b'(4pq).
If p=5(mod 8) orif (p|q)=-1, then b'(4pq) = 4 (mod 8); otherwise b'(4pq) =
0 (mod 8).

(b) Let p=1, g=3(7) (mod 8) and (p|q) = 1; write pq =2 + 2e%(f % - 2¢?)
with e =1 (mod 4). If (e|p)=-1orif (g|p),=~-1, then b'(4pq) = 8 (mod 16).
If x% - pgy? = = 2(+ 2) bas no solutions and (e|p) = 1, then b’(4pq) = 0 (mod 16).

7. The case d = 8pq. There are four genera and the eight ancipital forms
with positive first coefficients are as follows:

/l = [1, 0,-2pq], /-l = [ZP‘I, 0, -1l
f,=12,0,-pgl, [ =1[pg,0,-2],
=002 [_, =24, 0,01,

f=1a:0,-2), __ =I2p,0,-ql.

If we construct a table of generic characters, we then deduce the following infor-
mation:
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p(mod 8) ¢(mod 8) Ancipital forms f, in G

Gld=-1  (@lp=1

1 1 fs10 T4z All

1 5 f11 Tep Isy

5 5 I+1 I+

3 3 firfo, fp !,

3 7 finf, vl

7 7 Tolploply Tulpl plg

1 3 frf_, fypof g B ],

1 7 fp 1, Tplyplpl_,

5 3 fd., fl,

5 7 ff, fof_g

From this we observe that G* contains all four ambiguous classes if (p|g)=1=
p = q (mod 8); two ambiguous classes if (a) p=¢=7 (mod 8), (b) p =g =1(mod8)
and (p|g)=-1,0r (c) p=1# q(mod 8) and (p|g) = 1; one ambiguous class in
all other cases. By using the same techniques as we used in the previous sec-
tions we may prove the following lemma (the painful but elementary details are

omitted).

Lemma. (1) Let p =1 (mod 8) and suppose (p|q)=1. If I, is a fourth

power, then (2| p), = (q|p),-

(2) Let p=1(mod 8), g=1(mod 4) and (p|g)=1. If /., is a fourth power,

then (p|q), =1 or — 1 according as p=1 or 9 (mod 16).

(3) Let p=1and qg=1 or 3 (mod 8); write pq = e + 2{2 with e =1 (mod 4).

Then [_, is a fourth power if and only if (e|p) = (e|q) = 1.

(4) Let p=1=1 q(mod 8); write pq=2f{2 - €2 with e =1 (mod 4). Then

f, is a fourth power if and only if (e|p) = (e|q) = 1.

As a consequence of the lemma and the table of ancipital forms, we may

deduce the following theorem.

Theorem 4. (a) Let p=g=1 (mod 8) and (p|q) = 1. Then all four ambigu-
ous classes are in G*, so b'(8pq) = 0 (mod 16). Write pg = 2f2 - e? = 2b2 + a?
with a=e =1 (mod 4). If (a|p)=(a|q)=(e|p)=(e|q) =1, then b'(8pq) =
0 (mod 32). If each of the following conditions holds then Ne = — 1 and h(8pq) =

b'(8pq) = 16 (mod 32):
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(i) (@|p)=-1or (a|lg)=-1;

(ii) (e|p)=-1or(e|q)=-1;

(iii) (2] p), # (g1 D) g

(iv) (2] q)4 # (o] q)4§

%) (p | q)4 = (- 1)(p+7)/8; and

(vi) (¢]p) = (- 1)(a+7)/8,
Otherwise, we have no information.

(b) Let p=g=1(mod 8) and (p|q) = - 1; write pg =22 - & = 2b? + a®
with a=e =1 (mod 4). If (a|p)=(a|q)=(e|p)=(e|q) =1, then b'(8pq) =
0 (mod 16); otherwise, h'(8pq) =8 (inod 16). If (i) (a|p)=-1 or (a|q) =- 1, and
(ii) (e|p)=-1or (e|gq) =1, then Ne= -1 and h(8pq) = h"(8p¢) = 8 (mod 16).
Otherwise, h'(8pq) = 0 (mod 8).

(c) Let p=1and g=3(q=7) (mod 8) and (p|q) = 1; write pg =2f? +
e2(2f? - e®) with e =1 (mod 4). Then Ne=1. If (e|p)=~1or (e|q)=-1 or
@12)4 #£(q|p)y then b'(8pg) =8 (mod 16); if f1 ™, or fy ~ [, (fy ~ f, or
fi~f.p) andif (e|p)=(e|q) =1, then b'(8pq) = 0 (mod 16). Otherwise we have
no information, except that b'(8pq) = 0 (mod 8).

(d) Let p=1,9=5(mod 8) and (p|q)=1. If 2|p), £ (q|p), orif (p|@),=
(- D)®*7)/8, then b'(8pq) = 8 (mod 16); if both of these conditions occur, then
Ne= -1 and bh(8pq) = 8 (mod 16). If neither occurs, then b'(8pq) = 0 (mod 8).

(e) Let p=gq=7(mod 8); then Ne=1 and bh'(8pg) = 0 (mod 8).

The proof of this theorem relies on group-theoretic arguments similar to
those used in the proofs of previous theorems. Conditions (a)(i) through (a)(vi)
imply that the only ancipital forms which are fourth powers are f, and f_;; hence
f1 ™~ f_, and Ne= - 1. The other statements are easily verified, so we omit the
remainder of the proof. Within the limitations of our techniques, it appears that
our results are best possible.

8. The case d = pp,p;, p, odd primes. Since d =1 (mod 4) we may assume
that p, =1 and p, = p, (mod 4). We will simply state the results, as the proofs
are obtained in precisely the same manner as were the previous proofs.

Theorem 5. (a) Let py =1 and p, = b3 =3 (mod 4). Then Ne=1 and
b'(p1p2p3) =0 or 4 (mod 8) according as (p,| p,) = (p,|p3) = 1 or not. If
(@,10,) = (0,183) = 1 and (,|p,)  # (051p1) 4 then b'(p1p2p3) = 8 (mod 16); other-
wise we bhave no information.

(b) Let p,=1(mod 4), i=1,2, 3. Then h'(p;p,03) =0 or 4 (mod 8) accord-
ing as at most one or at least two of the symbols {(p,|p,), (p,1p3), (p,|p3)} equal
—1; if they are all equal to 1, then b'(p1p2p3) = 0 (mod 16).

(c) Let p;=1(mod 4), i=1,2,3, (pllpz) = (p1|p3)= 1 and (pzlp3)=- 1.

If either (p,)p))s # (051014 o (p,10,)4 # (1105)4 then b'(p1p,p3) = 8 (mod 16),
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and if both relations hold, then Ne= -1 and ”(le’zP;) = 8 (mod 16). Otherwise
we bhave no information.

(d) Let p;=1(mod 4), i=1,2,3 and (plp;) =1 for i #j. If (p;1p;)(p;l0}) 4=
(p,.lpi)4(pk|pi)4 =1 for i, j and k distinct, then b'(plp2p3) =16 (mod 32) and
Ne = - 1. Otherwise we have no further information.

Remark, The difficulty in obtaining further information in Theorems 4 and 5
stems from the fact that certain given conditions on fourth power residue symbols
are necessary, but not sufficient, for certain ambiguous classes to be fourth power.

9. A problem. The techniques of this paper have been used to treat imaginary
fields with two or three divisors of the discriminant [1], [3] and clearly may be
used to treat arbitrary quadratic fields. In each of the theorems of this and previ-
ous papers on the subject, there are open cases. What can be said about these
cases?
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